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Abstract— We investigate the thermoelectric (TE) figure-of-
merit of a single-layer graphene (SLG) sheet by a physics-
based analytical technique. We first develop analytical models
of electrical and thermal resistances and the Seebeck coefficient
of SLG by considering electron interactions with the in-plane
and flexural phonons. Using those models, we show that both
the figure-of-merit and the TE efficiency can be substantially
increased with the addition of isotope doping as it significantly
reduces the phonon-dominated thermal conductivity. In addition,
we report that the TE open circuit output voltage and output
power depends weakly on the SLG sheet dimensions and sheet
concentration in the strongly diffusive regime. Proposed models
agree well with the available experimental data and demonstrate
the immense potential of graphene for waste-heat recovery
application.

Index Terms— Energy harvesting, graphene, phonons, seebeck
coefficient, thermal conductivity, thermoelectric figure of merit.

I. INTRODUCTION

THERMOELECTRIC materials are the promising energy-
harvesting sources for waste-heat recovery applications.

In last few decades, a vast improvement in thermoelectric (TE)
figure-of-merit (ZT) has been resulted due to phonon mean-
free-path engineering by introducing phonon scattering inter-
faces or surfaces [1]–[3]. With the increased hot-spots inside
ICs, nanoscale TE generators (TEGs) are in high demand
because of their ability to drive other devices efficiently from
the waste heat generated by the chip, where the temperature
rise can be as high as 400 K. Conventional bulk TE materials,
such as Bi2Te3, CoSb3, etc., exhibit a high ZT (∼1 near
400 K and ∼0.8 near 800 K [4]). However, the bulk-to-
nano-fabrication methodologies involved in realizing the TEG
arrays are generally very complex [4]–[7]. This is also very
challenging to geometrically cover the entire hot-spot region
of the IC. The TE efficiency is evaluated by the dimensionless
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figure-of-merit ZT, which is defined as [3]

ZT = σ S2
B T

κe + κph
(1)

where the transport coefficients σ , SB , κe, and κph are the
electrical conductivity, Seebeck coefficient, and electron- and
phonon-dominated thermal conductivities, respectively. Exten-
sive experimental studies [3]–[12] report an improvement of
ZT by varying the chemical composition and structural con-
finements of the constituent compounds. Recently TE studies
on Si nanowires bundles demonstrated a large Voc and power
under a temperature difference of 70 K [12]. This is achieved,
however, at the cost of large integration of bundles [11], where
the open-circuit voltage (Voc), ZT, and efficiency (η) “per
wire” could be very low.

Single-layer graphene (SLG) sheet has demonstrated excel-
lent electrical and thermal conductivities [13], [14]. However,
its potentiality as a TE material by analyzing the ZT and Voc
still requires sufficient investigations. In recent years, there
has been some efforts in determining the ZT for graphene
nanoribbons through various molecular dynamics (MD)
and nonequilibrium Green’s function (NEGF) simulations
[15]–[18]. These are particularly based on the numerical
evaluations of ZT without considering the interactions between
electrons and the in-plane and out-of-plane (ZA or flexural)
phonons, which are now reported to control these parameters
[19]–[24] when the SLG sheet relaxes with the end contacts
[21]. It is worth noting that in general for most of the
materials, these electrical and thermal transport coefficients
are dependent on the Fermi energy (EF ) that limits the value
of ZT and hence the TEG performance. However, in case of
SLG sheet since κph � κe [13], one can engineer to maximize
the ZA phonon interactions to reduce κph significantly. Thus,
the motivation in this work is focused on the analysis of the
role of ZA phonon interactions on the electrical and thermal
conductivities and Seebeck coefficient. This is required to
estimate the TE efficiency, short-circuit current (Isc), Voc, and
output power, which may find substantial role in recovering
the waste-heat from the chip hot-spots.

In the following, we formulate a physics-based analytical
solution of the TE transport coefficients of SLG sheet using
Landauer’s approach under strongly diffusive transport regime.
We demonstrate the effect of geometry, temperature, and sheet
carrier concentration (n2D) on the ZT and open circuit TE
voltage. We further show that the ZT and η can be considerably
enhanced at room temperature by the addition of isotope
impurity (C13 over conventional C12), which decreases κph to
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Fig. 1. (a) Schematic of an SLG sheet of dimension L × W . The contacts
1 and 2 are assumed to be ideal and at temperature TH and TL , respectively.
(b) Averaging of the carrier back-scattering length over the entire SLG sheet.

a large extent. We find that an SLG under strongly diffusive
regime can result a Voc of around 14 mV in the temperature
difference of around 100 K at a carrier concentration of
1016 m−2. Our theoretical formulation of Voc and ZT can
be compared with the experimental data from Si nanowire
bundles arrays [12]. The methodology presented here exhibits
a viable analytical technique to assess the applicability of the
SLG-based TE device. We also find that the TE transport coef-
ficients, electrical resistance (R), and SB exhibit an excellent
match with the available experimental data over a wide range
of temperatures [25], [26].

II. MODEL DEVELOPMENT AND RESULTS

We consider an SLG sheet as shown in Fig. 1(a), whose
length (L) and width (W ) are along x and y directions with the
left and right contacts at temperatures TL and TH , respectively.
Because of the distribution of carrier velocity along both the
longitudinal and transverse directions, one should consider the
net average electron velocity along the x-direction, can be
written as

〈
vx+

〉 = vF

∫ +π/2
−π/2 cos θdθ

π
= 2

π
vF (2)

where vF is the Fermi velocity with a value of 106 m s−1.
The isotropic energy-dependent electron mean free path back-
scattering length in such 2-D system can then be written as
[27]

λ2D(EF ) = π

2
vF τ (EF ) (3)

in which λ2D(EF ) has been averaged over the entire length
+x to −x direction of the sheet [see Fig. 1(b)]. The resultant
energy-dependent scattering rate (1/τ (EF )) is assumed to be
quasi-elastic and is due to the in-plane and infrared flexural
phonons [24], which can be written from Matthiessen’s rule
as

1

τ (EF )
= 1

τ (EF )|in−plane
+ 1

τ (EF )|flexural
(4)

where

1

τin−plane
≈

[
g2

2υ2
L

+ h̄2υ2
Fβ2

4a2

(
1

υ2
L

+ 1

υ2
T

)]
EF

2ρh̄3υ2
F

kB T

(5)
and

1

τflexural
≈

(
g2

2
+ h̄2υ2

Fβ2

4a2

)
(kB T )2

64π h̄ς2 EF
ln

(
kB T

h̄ωc

)
. (6)

Fig. 2. R as a function of T with varying carrier concentration. The symbols
are the experimental data from [25], while the lines are our analytical curves.

Here, g ≈ 3 eV is the screened deformation potential constant,
β ≈ 2–3, ς = 1 eV is the bending rigidity [24], a = 1.4Å
is the distance between nearest carbon atoms, ρ = 7.6 ×
10−7 kg m−2 is the mass density, υL = 2.1 × 104 m s−1 and
υT = 1.4×104 ms−1 are the longitudinal and transverse sound
velocities, respectively [24], kB is the Boltzmann’s constant,
h̄ = (h/2π), and h is the Planck’s constant. In deriving (5)
and (6), it is assumed that the Bloch-Gruneisen temperature
(TBG = 57, 38 and 0.1 K) is far less than the room temperature
for longitudinal, transverse, and flexural phonons, respectively,
with the domination of the absorption or emission of two
phonons. The parameter ωc is the infrared phonon cutoff
frequency and can be determined from the quadratic phonon
dispersion relation ωc = αq2

c where α(= 4.6 × 10−7 m2 s−1)
is the ZA phonon diffusion constant and q is the ZA phonon
wave vector with qc = 1 nm−1 [19].

The use of the aforementioned definitions leads to the trans-
mission coefficient at the Fermi level under strong diffusive
regime as � (EF ) ≈ (λ2D/L), which leads to the diffusive
electrical resistance as

R =
(

h

2e2

)
L

λ2D (EF ) M (EF )
(7)

where e is the electron charge and the number of channels in
2-D SLG sheet is

M (EF ) = 4W EF

hvF
(8)

at the Fermi level. Given a Dirac-type electron energy dis-
persion relation for 2-D SLG sheet, the Fermi energy can be
calculated from the relation

EF = h̄vF
√

n2Dπ (9)

where n2D is the sheet concentration. Using (7), Fig. 2 exhibits
the variation of R as function of the temperature for different
sheet concentrations. We have kept the dimension of the
sheet to be 1 × 1.5 μm2 to correlate our theoretical model
with the experimental data from [25]. It appears that our
analytical model fits well with increasing n2D, which increases
the EF . This is an alternative approach to the experiment done
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with the back gate biasing where the gate voltage changes
the Fermi level position. At this point, it should be noted
that the electrical conductivity σ = (L/RW ) is generally
treated by considering a perfect 2-D layer with zero thickness.
It should be carefully noted that SLG is a 2-D material with
respect to electronic transport. The layer has a wall thickness
δ (= 0.34 nm). With respect to electronic transport, (8) is
2-D in nature. However, considering a finite wall-thickness,
the electrical conductivity of graphene is σ = (L/RWδ).
This is also true for realizing the SLG layer thermal resis-
tance, which is given as (L/κphWδ). Additionally, we would
like to state that the authors [28] have recently proposed a
theoretical model for the determination of R by considering
the electron and in-plane and electron and flexural phonons
scatterings. The formulation by the authors in [28] is carried
out under the presence of a longitudinal electric current from
the right to left contact [see Fig. 1(a)], which resulted in self-
heating. However, the analysis as done in this paper reflects
the dependency of R on n2D via the Landauer transmission
approach when there is zero applied electrical current. From
Fig. 2, it appears that at low temperature, R follows a linear
relation with T because of the large interaction with the in-
plane phonons. This behavior is, however, dominated by a
parabolic behavior at higher T due to the emission of infrared
phonons. Following the Mott-Jones relation [29], the Seebeck
coefficient under high carrier concentration can be written as

SB = π2k2
B T

3e

∣
∣
∣
∣

1

G

(
∂G

∂ E

)∣
∣
∣
∣
E=EF

(10)

in which G = (1/R) is the electrical conductance. Substituting
the value of R, SB can be written as

SB = π2k2
B T

3e

[�′ (EF )

� (EF )
+ M ′ (EF )

M (EF )

]
(11)

where the primes denotes the differentiation with respect to
energy, (�′ (EF )/� (EF )) = (2λ2D(EF )/πvF )[(D/E2

F )−C],
and (M ′ (EF )/M (EF )) = (1/EF ) in which the coeffi-
cients C and D can be evaluated from (5) and (6) as
(1/τ (EF )) = C EF + (D/EF ). Thus, it seems that in the
strong diffusive regime, SB becomes independent of the sheet
dimension. However, in the near ballistic regime, � (E) =
(λ2D (E)/(λ2D(E) + L)) and under such conditions, SB starts
depending on the sheet length. Fig. 3 exhibits the varia-
tion of the magnitude of SB with respect to T at different
sheet concentration. The sheet dimensions were chosen to be
5 × 4 μm2 to compare with the experimental data from
[26]. These data has been taken at 300 K under the hole
concentration of 2 and 2.8 × 1016 m−2 and at 4 and 6 μm
widths, respectively. Although the data seems to be different
for different widths, Grosse et al. [26] agreed that for wider
devices, SB stands independent of W . It is evident that the
same SB would reflect for an n-type concentration as the SLG
band structure is symmetric about the Dirac-point. The error
bars fitting of SB in [26] are about +/−20 μVK−1 or almost
50% uncertainty. Thus, within these error bars the SB between
the two devices are quite consistent with each other, as they
should be. It appears from our model that SB increases with

Fig. 3. Magnitude of Seebeck coefficient as a function of temperature for
varying n-type 2-D carrier concentration. The symbols are the experimental
data from [26] with hole concentration of 2 and 2.8 × 1016 m−2 and at 4
and 6 μm widths, respectively. However, because of symmetric band structure
about the Dirac point, SB takes the same value for the corresponding electron
concentration. Solid lines: our analytical model.

T and can span a value from 25 to 110 μV K−1 between an
n2D sweep of 0.1–1 × 1017 m−2 at room temperature.

To estimate the dimensionless ZT, one should also need
the temperature-dependent thermal conductivities. It is now
well known that the thermal conductivity of SLG is entirely
due to the phonons [13]. The contribution from the electrons
are being poor, which can be evaluated from Landauer for-
malism as κe = (16/27h2)(λ2D(EF )/L)(E3

F/vF T ) for an
average energy of (2/3)EF and gives a value of about κe =
0.12 W m−1 K−1 at 300 K for n2D = 1017 m−2, L = 5 μm
and W = 4 μm. Thus it becomes straightforward to derive
the phonon contribution to the thermal conductivity, which
lies in the range of 600–7000 W m−1 K−1 with a phonon
mean free path of about 775 nm (for 2000 W m−1 K−1) at
room temperature [30]–[32]. Recently, Verma et al. [33] have
shown an analytical model of thermal conductivity of SLG
sheet, which is based on the quadratic dispersion relation of the
flexural phonon wave vector. The authors used an anharmonic
second-order three-phonon Umklapp, the edge roughness, and
isotopic scatterings to demonstrate the variation of the thermal
conductivity with temperature. It should be noted that the
isotopic scatterings in the present case mainly arise because
of the addition of C13 isotopes on C12, which makes the
sheet impure. Using these rates, it is exhibited by the authors
that κph follows a T 1.5 and T −2 law at lower and higher
temperatures in the absence of C13 isotopes, respectively.
In their presence, however, the κph sharply deviates from the
T −2 law at higher T . In these analyses, we incorporate this
analytical model of κph which can be written as [33]

κ−1
ph = κ−1

phlow
+ κ−1

phhigh
(12)

in which

κphlow = 4.58

(
FkB

2δ

) (
LW

α

) 1
2
(

kB T

π h̄

) 3
2

(13)

κphhigh =
(

27

16πδ

) (
kB

h̄

)3 (
Mα

|γZ A|2
)2 (

θ4

h̄ωB

) (
1

T 2

)
(14)
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Fig. 4. ZT as a function of T with varying carrier concentration for
isotopically impure sheet.

for isotopically pure and

κphhigh =
(

kBα

πδS0�m

)
ln

∣
∣
∣∣ζ

θ4

T 2

∣
∣
∣∣ (15)

for isotopically impure SLG sheet. In the aforementioned
equation, the effect of edge-roughness, three-phonon Umklapp
and the isotope scattering rates are

1

τE
=

√
π

2F
√

LW

(
∂ωq

∂q

)
(16)

1

τU
= 32

27
|γZ A|4

(
kB T

M
(
∂ωq/∂q

)2

)2

ωB (17)

1

τI
= 1

4
S0�mqω2

q

(
∂ωq/∂

)−1 (18)

respectively. The parameters F , M , |γZA|, θ , ωB , S0, �m , ζ ,
are the geometric factor, mass of the carbon atom, Gruneisen
parameter for the ZA mode (−1.24), Debye temperature
(1000 K), ZA phonon branch frequency (28 GHz), cross-
section area per one atom (= δ × r0) (where r0 = 0.14 nm
is the C-C distance), strength of the impurity scattering and
(27S0�mα/16ωB)(kB M/h̄2|γZA|2)2, respectively, and is fur-
ther discussed in detail in our previous work [33]. It should
be noted that (14) has been realized through a simplified unity
model of the Dirac integrand [33] rather than extensive analy-
sis of the phonon cutoff frequency [32]. Using this, Figs. 4
and 5 exhibit the variation of ZT with T and EF , respectively,
for different sheet concentration and isotope density. We see
that a substantial increment in ZT occurs at 300 K even for
n2D = 1016 m−2 at L = 10 μm and W = 5 μm for an isotope
scattering strength of 2×10−2. At this high impurity strength,
κph ≈ 44 W m−1 K−1 (the effect of isotope addition on κph
of SLG has been further experimentally exhibited in [34] in
which our theoretical model [33] agrees well). However, it is
seen from Fig. 5 that with the decrease in L, ZT falls, which is
due to the inverse dependency of the transmission coefficient
on Seebeck coefficient. Although, increase in length increases
the thermal conductivity, however, for strongly diffusive ranges
(1 μm and above), the variation of the thermal conductivity
becomes almost length independent. From the same figure, it

Fig. 5. ZT as a function of EF for both isotopically pure and impure SLG
sheet.

appears that ZT at 300 K can reach a value up to 0.62 at a
sheet concentration of 1016 m−2. We further see that, with
the decrease in sheet length at very high carrier concentration
and isotope scattering strength, ZT decreases. This behavior is
also same at higher concentration for isotopically pure case.
At low electron concentration, the dimensional dependence of
ZT reduces at large sheet lengths.

Using the definition of SB for an n-type SLG sheet, the
negative open-circuit TE voltage under the presence of a
temperature difference TH − TL can be written as

Voc = −
TH∫

TL

SB (T ) dT . (19)

This can be evaluated as

Voc = −π2k2
B

3q

{
T 2

H − T 2
L

2EF
+ φ

}

(20)

where the second term φ can be numerically obtained from

φ = 1

p2 EF

∫ xH

xL

(
xlnx − z

xlnx + z

)
xdx (21)

in which z = (bp/a)E2
F , p = (kB/h̄ωc), C = bT , D =

aT 2ln (pT ) and x = pT . Fig. 6 exhibits the variation of
the magnitude of Voc as function of TH for different sheet
concentration. It can be seen from the figure that with the
increase of Fermi energy, Voc falls down at a very high rate
due to the inverse dependency of SB on EF . Further, it appears
that within a difference of 100 K, Voc is nearly −14 mV for
n2D = 1016 m−2, while the length effects on Voc is negligible
in the entire diffusive range.

The TE efficiency has been exhibited in Fig. 7 as function
of carrier concentration for both isotopically pure and impure
SLG sheet. It is evident from the equation

η (%) =
(

1 − TL

TH

) ( √
1 + ZTav/2 − 1√

1 + ZTav/2 + TL/TH

)
(22)
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Fig. 6. TE open circuit voltage, Voc as a function of TH with varying carrier
concentration.

Fig. 7. TE efficiency as a function of n2D for both isotopically pure and
impure SLG sheet.

that higher the ZT, higher the η. It appears from Fig. 7 that at a
sheet concentration of 1016 m−2, the efficiency reaches around
3.2% when the other SLG end is at 500 K. These ZT and η
values can be compared with the MD and NEGF solutions
for nanoribbons of graphene [15]–[18], which is considered
without incorporating these necessary electron and phonon
scatterings. The short-circuit current Isc as function of TH

and sheet concentration is shown in Fig. 8. It should be noted
that the main assumption we considered in this analysis is the
negligible resistance because of the two contacts at the ends.
However, this can be achieved experimentally through careful
selection of contact materials. It can be seen that with the
increase in the length, Isc decreases. This is due to the increase
in the SLG resistance with length. The open circuit voltage in
this case remains almost dimensional independent as shown in
Fig. 6. We see that with the increase in the width, Isc increases
up to a value near 200 μA for a temperature difference of
100 K even at an extreme concentration of 1017 m−2. One can
also notice that Isc also exhibits an increased variation with
n2D. The power delivered for similar condition is shown in

Fig. 8. Short-circuit current as function of temperature at contact 1 for
different lengths and widths.

Fig. 9. Output power as function of temperature at contact 1 for different
lengths and widths.

Figs. 9 and 10. The rate of variation of power with TH is sim-
ilar to that of Fig. 8 with larger power output for larger widths
and smaller lengths in the diffusive regime. We see that almost
0.7 μW output power can be achieved from 1×5 μm2 at 100 K
temperature difference. As seen from Fig. 10, however, there is
no significant variation of the power over carrier concentration
at higher lengths. The variation trend is certainly not similar
to what is observed for other materials where the power factor
σ S2

B exhibits a maxima. This is a clear advantage of using SLG
sheet over the TE conventional nanomaterials. At this point,
it is worth mentioning that the ballistic values of R, SB , and
κph are (h/2e2 M(EF )), (π2k2

B T /3eEF ), and (4π2k2
B T /3h)

respectively, which gives ZT = (M(EF )/18)(kB T /EF )2 and
|Voc| = (π2k2

B/6eEF)(T 2
H − T 2

L ). it should be noted that
obtaining a ZT of the order of 1 or even greater for T = 450 K
is an extremely challenging task [3], [4]. In this case, however,
SLG exhibits a dramatically superior ZT, Voc, and η values
even in the presence of electron and in-plane and ZA phonon
scatterings because of the very high σ , SB , and a controllable
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Fig. 10. Output power as function of sheet concentration for different lengths
when contact 1 is at 400 K.

κph through addition of isotopes. Finally, we understand that
the SLG thermal conductivity can still be lowered down
by exploiting the edge scattering of phonons by casting the
SLG into its nanoribbon [13]. This might see a promising
result, however, the electronic mobility can also deteriorate
due to increased scattering from the edges. Additionally to
keep the mathematics simple, we have assumed the SLG
surface to be ultra-flat, which reduces the electron-hole puddle
densities [35]. The results of our theoretical model can be put
forward to estimate the TE performance of graphene-based
TE arrays for recovering waste-heat from a dissipating active
integrated circuits.

III. CONCLUSION

In this paper, we theoretically demonstrated the TE effi-
ciency, ZT, and open circuit output voltage through the in-
plane and ZA phonon scatterings with electrons in an SLG
sheet. We presented an analytical result for evaluating the elec-
trical resistance and Seebeck coefficient in SLG sheet for the
analytic estimation of ZT and η. Thus, it is shown that ZT can
reach a value 0.17–1.02 for isotope-doped SLG sheet under a
sheet concentration range of 1016–1017 m−2 and temperature
range of 300–450 K. We found that our analytical models are
in good agreement with the available experimental data.
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