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Abstract—Previous techniques used for solving the 1-D Poisson
equation (PE) rigorously for long-channel asymmetric and independent double-gate (IDG) transistors result in potential models
that involve multiple intercoupled implicit equations. As these
equations need to be solved self-consistently, such potential models
are clearly inefficient for compact modeling. This paper reports a
different rigorous technique for solving the same PE by which one
can obtain the potential profile of a generalized IDG transistor that
involves a single implicit equation. The proposed Poisson solution
is shown to be computationally more efficient for circuit simulation
than the previous solutions.
Index Terms—Compact modeling, double-gate (DG) MOSFET.

I. I NTRODUCTION

undoped body IDG-MOSFET is given by
d2 ψ
qni β(ψ−V )
=
e
.
dy 2
εSi
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The boundary conditions, BC1 and BC2 are, respectively,
given by
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HE independent double-gate (IDG) MOSFET has received considerable attention in recent years owing to
its ability to modulate threshold voltage and transconductance
dynamically. The modeling of the long-channel potential by
solving the 1-D Poisson equation (PE) is the most fundamental
step toward developing surface-potential-based core compact
models for such transistors. Lu and Taur [1] have solved this PE
for the asymmetric double-gate (DG) case, and their potential
model involves two coupled implicit equations. Their model
can be generalized for the IDG transistor by changing the
boundary conditions appropriately. Nevertheless, Ortiz-Conde
et al. [2] and Liu et al. [3] have proposed another solution for
the potential of the IDG transistor that involves three intercoupled implicit equations. Such potential models are not efficient
for compact modeling purposes as these equations need to be
solved self-consistently. In this paper, we report a different
technique for solving the same PE by which one can obtain a
potential profile for a generalized IDG transistor that involves
a single implicit equation. The proposed technique is shown to
be much more computationally efficient than the others.

Here, ψ(y) is the electrostatic potential referenced to the Fermi
potential at source, Cox1(2) is the capacitance per unit area of
the first (second) gate, which is defined as εox /tox1(2) , q is the
elementary charge, εSi and εox are the permittivities, tSi and
tox are the thicknesses of Silicon and SiO2 , respectively, β is
the inverse thermal voltage, ni is the intrinsic carrier density,
and V is the electron quasi-Fermi potential. ψ1(2) refers to the
Si/SiO2 interface potential at y = ∓ tSi /2, with y = 0 being
the center of the Si film. Vgs1(2) represents the first (second)
effective gate voltage, i.e., Vgs1(2) = Vgs1(2)applied − Φ1(2) ,
where Φ1(2) is the work function difference at the respective
gates. We ignore the hole concentration, and hence, the PE is
valid for ψ > 3/β. By integrating the PE once using BC1 at the
lower bound, we get
dψ

dy

dψ
dy |y=− tSi
2
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(4)
Equation (4) results in

II. M ODEL D EVELOPMENT


dψ
= ± Aeβψ + G1
dy

Assuming the gradual channel approximation to be applicable for long-channel devices, the corresponding PE for the
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(5)

where A = 2qni e(−βV ) /βSi , and G1 = {dψ/dy|y=−tSi /2 }2 −
Ae(βψ1 ) Now, if we use BC2 instead of BC1 at the lower bound
of (4), we get another form of electric field, which is

dψ
= ± Aeβψ + G2
dy

(6)

where G2 = {dψ/dy|y=tSi /2 }2 − Ae(βψ2 ) . It should be noted
that G1 and (G2 ) may be positive or negative. Now, discarding
the positive sign (reason to be discussed later) outside the
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square root of (5) and integrating it once again with BC1, we get
the following equations for G1 > 0 and G1 < 0, respectively:
√
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ln
R1 sinh
ψ(y) =
y+
β
2
2
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e 2 ⎠
(7)
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−2
ψ(y) =
ln
R1∗ sin
β

β




tSi
y+
2
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Similarly, discarding the negative sign outside the square root of
(6) and integrating it once again with BC2, we get the following
equations for G2 > 0 and G2 < 0, respectively:
√
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∗
Here, R1(2) = A/G1(2) , R1(2)
= −R1(2) , and G∗1(2) =
−G1(2) . Therefore, the potential can take four different forms,
depending on the applied bias conditions. In (7)–(10), the
unknowns are the surface potentials ψ1 and ψ2 , respectively.
By applying the remaining BC2 (which was not taken during
integration) to (7) and (8), we get two implicit equations as
follows:




Cox2 −2 
ln
G1 coth(θ1 ) =
R1 sinh(θ1 ) − Vgs2
Si
β
(11)





−2
C
ox2
ln
G∗1 cot (θ1∗ ) =
R1∗ sin (θ1∗ ) − Vgs2 .
εSi
β
(12)

Similarly, by applying BC1 to (9) and (10), we get two implicit
equations in ψ2 as follows:




Cox1 2 
− G2 coth(θ2 ) =
ln
R2 sinh(θ2 ) + Vgs1
Si β
(13)






Cox1 2
ln
− G∗2 cot (θ2∗ ) =
R2∗ sin (θ2∗ ) + Vgs1 .
εSi β
(14)
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Here, θ1(2) = β( G1(2) tSi /2)+sinh−1 {e−βψ1(2) /2 / R1(2) },


∗
∗
and θ1(2)
= β( G∗1(2) tSi /2) + sin−1 {e−βψ1(2) /2 / R1(2)
}. It
is worth noting that in the previous works [1]–[3], the potential
models involve multiple intercoupled implicit equations. For
the asymmetric DG case, the roots of these equations may be
precalculated and stored in a lookup table [1]. However, for
the IDG transistor, these roots have to be calculated during
circuit simulation [3]. It is also found that these equations
sometimes have very closely located multiple roots, and it is
extremely tedious to choose the correct set. Therefore, the
practical application of previous potential models in a circuit
simulator is questionable. It is worth noting that the solution
techniques reported in previous works do not take any of the
boundary conditions while deriving the general form. In this
paper, we take one boundary condition into account while
deriving the general solution from the main PE. As a result,
the general form of the solutions obtained in previous works
needs to be subjected to two boundary conditions that lead to
two or three implicit equations (depending on minor differences
in the approaches to their works). On the contrary, we need to
apply our four different forms of “general solution” to the one
remaining boundary condition. As a result, the proposed model
involves only one implicit equation per form, i.e., one out of the
four equations (11)–(14). The roots of these implicit equations
(ψ1 or ψ2 ) are always found to be nearest to the G-zero-point
(GZP) (ψ1(2) @G1(2) = 0). We shall now explain the reason
behind discarding one of the signs outside the square root in
(5) and (6). It should first be noted that d2 ψ/dy 2 is always
positive, and hence, ψ(y) cannot have a maxima inside the
domain. Since dψ/dy is a monotonically increasing function,
ψ(y) can have only one minima. If we also consider the fact
that the sign of the electric field does not change at the Si/SiO2
interface, we can say that if Vgs1 > Vgs2 , then dψ/dy has to
be negative, at least in the small neighborhood of y = −tSi /2.
Similarly, when Vgs1 < Vgs2 , dψ/dy has to be positive, at least
in the small neighborhood of y = tSi /2. As we have used BC1
in (5), we should discard the positive dψ/dy since we can only
ensure a negative dψ/dy in the neighborhood of y = −tSi /2
when Vgs1 > Vgs2 . Similarly, we discarded the negative dψ/dy
in (6) as we here used BC2, and dψ/dy has to be positive in
the neighborhood of y = tSi /2 when Vgs1 < Vgs2 . Now, dψ/dy
calculated from (7) or (9) has a coth function. Thus, ψ(y)
cannot have a minima inside the domain even, when G1(2) → 0.
Therefore, (7) and (9) model a case when ψ(y) is strictly
monotonic inside the film. However, ψ(y) obtained from (8)
or (10) may have a minima inside the domain as dψ/dy has
a cot function. Therefore, though we discarded the positive
(negative) sign of dψ/dy in (5) and (6), both (8) and (10) can
handle those cases where the minima of ψ(y) exists. Thus, the
cardinal point is that both the sign of the root and the sign
of G1(2) determine the nature of the potential profile. Since
(7)–(10) take care of minima and no-minima cases, they can
predict any combination of bias in the IDG-MOSFET. Note that
for Vgs1 = Vgs2 , one can use either (8) or (10).
Now, we discuss the procedure of choosing one out of the
four forms of ψ(y) based on the bias conditions. The discussion
above makes it clear that when Vgs1 ≥ Vgs2 , one has to choose
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(7) or (8) or, otherwise, choose (9) or (10). In the next step, one
has to use the concept of the GZP and critical voltage to select
the exact form from the chosen set as discussed in the next
paragraph. Finally, one should solve the corresponding implicit
equation (11)–(14), i.e., only one implicit equation at any given
bias, for the calculation of the potential profile. As (7) and (8)
[and similarly (9) and (10)] were derived on the basis of the sign
of G, the GZP plays a major role in determining the final form
of the solution. The GZP is that interface potential at which
G becomes zero. Hence, we can have two GZPs, depending
on which G we choose in the first step. For example, if one
chooses (7) or (8) in the first step, then one should use the GZP
corresponding to G1 denoted by ψgzp1 ; otherwise, one should
use ψgzp2 . Equating G1(2) to zero and solving for the interface
potential ψ1(2) , we get the explicit formulation for the GZP as
follows:
 βV


gs1(2)
Aε2Si
β
2
2
e
ψgzp1(2) = Vgs1(2) − W
.
(15)
2
β
2
Cox1(2)
Here, W represents the Lambert function. Interestingly,
ψgzp1(2) is approximately equal to the surface potential of an
undoped bulk MOSFET as proposed by Shangguan et al. [5].
In Fig. 1(a), G1 is plotted as a function of the interface potential ψ1 for two different values of Vgs1 . The circles represent
the values of ψ1 obtained from (11) or (12) for different Vgs2 ’s
(≤ Vgs1 ), and they increase with increasing Vgs2 . To choose the
correct form between (7) and (8), one has to determine whether
the correct ψ1 for the given bias lies to the left or the right
side of ψgzp1 , i.e., whether it lies in the positive or negative
G1 region. ψ1 shifts toward the negative G1 region [where (8)
holds] when one increases Vgs2 because the opposing electric
field from the second gate increases the possibility of having a
minima of ψ(y) inside the Si film. Thus, we introduce a term
called critical voltage (Vgscrit ), which is that Vgs2 at which
ψ1 obtained from (11) or (12) becomes equal to ψgzp1 . One
can derive the expression for the Vgs2crit by applying the limit
G1 → 0 to (11) and (12) and then replacing ψ1 by ψgzp1 and
Vgs2 by Vgs2crit . Similarly, Vgs1crit can be derived by applying
the limit G2 → 0 to (13) and (14) and then replacing ψ2 by
ψgzp2 and Vgs1 by Vgs1crit as follows:
⎡

√
−βψgzp1(2)
β AtSi
⎢ −2
2
Vgs2(1)crit = ⎣
ln
+e
β
2



−
Cox2(1)

⎤

√
εSi A
√
β AtSi
2

+e

−βψgzp1(2)
2

⎥
⎦.

(16)

Therefore, for Vgs2(1) > Vgs2(1)crit , one has to choose the
G1(2) < 0 form, i.e., (8) or (10), otherwise, one has to choose
between (7) and (9). In Fig. 1(b), we have shown the variation
of ψgzp and Vgscrit as a function of the quasi-Fermi level (V ),
and both of these quantities are found to be saturated at a high
V as they depend on the square root of A.
Now, coming to the question of the continuity of the proposed model between various forms, we notice that when

Fig. 1. (a) GZP and critical voltage at V = 0. (b) Variation of ψgzp1 and
Vgs2crit , with quasi-Fermi level V for the same parameters at Vgs21 = 0.4 V.

G1(2) → 0, (7)–(10) merge to the following limit values:
√ 

−βψ1
β A
−2
tSi
ln e 2 +
lim ψ(y) =
y+
(17)
G1→0
β
2
2
√ 

−βψ2
−2
β A
tSi
ln e 2 +
lim ψ(y) =
−y +
. (18)
G2→0
β
2
2
Equations (17) and (18) prove the continuity of the model
between (7)–(10), respectively. Again, when dψ/dy → 0, ψ
becomes ψ1 as per (7) and (8). Similarly, ψ becomes ψ2 as
per (9) and (10) when dψ/dy → 0, but ψ2 = ψ1 at dψ/dy = 0.
Therefore, the proposed model is also continuous between the
G1 and G2 forms. It is worth noting that the previous works
[1]–[3] use two different forms (hyperbolic and trigonometric)
to model ψ(y). A similar critical voltage concept has been
used in the models [1], [3] to choose between the two forms.
However, the formulation for critical voltage is implicit in
their work, whereas it is explicit in this work. There are some
similarities between the solution techniques used in this work
and the work reported in [5]. However, the previous work
uses only trigonometric forms and, thus, is not valid under all
bias conditions. The same group has also proposed a surface
potential equation (not the full Poisson solution) that uses a
single implicit equation [6]. As in their other work, it is also
based on trigonometric forms and is not valid under all bias
conditions.
III. R ESULTS AND D ISCUSSIONS
In Figs. 2 and 3, we validated our model against a numerical
simulation for V = 0. The numerical solution of the PE is
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Fig. 2. Validation of the continuity of the proposed model over the gate
voltage variation. Here, the line represents the model, and the symbol represents
numerical simulations. To the left side of the Vgs2 = 0.5 V line, Vgs1 < Vgs2 ,
and hence, ψgzp = ψgzp2 . To the right side of the Vgs2 = 0.5 V line, Vgs1 >
Vgs2 , and hence, ψgzp = ψgzp1 . Similarly, Vgscrit is Vgs1crit to the left of the
dotted line, and Vgscrit is Vgs2crit to the right side of the dotted line.

635

Fig. 4. Ratio of the computational times between the previous model [1]
and the proposed model for an asymmetric DG transistor with the following
device parameters: tox1 = 1.5 nm; tox2 = 1.5 nm; tsi = 10 nm; ΔΦ1 =
−0.56 V; and ΔΦ2 = 0.56 V. The characteristic is almost independent of the
values of V .

nonlinear equations is much more difficult to solve than a
1-D system [10]. In our model, the initial guess is always fixed
very close to ψgzp (on the order of ±10−6 V, depending on
the sign of G). As a proper initial guess is not available in [1]
and [3], we have solved those equations using different initial
guesses and have taken the best value. This is also another
reason for the proposed Poisson solution technique being faster
than the others. Therefore, the GZP point serves the following
two purposes: 1) to guide the user to choose one out of the four
forms of the potential model and 2) to provide initial guesses
for the surface potential calculation. The difference between
the initial guess and the root is found to vary between 10−3
and 10−6 V, depending on the applied bias. It is worth noting
that as the proposed Poisson solution involves a single implicit
equation, it might be possible to calculate the surface potential
explicitly after following the recipes given in [11]. Finally, it
should be mentioned that the complexity of the ψgzp equation,
which involves Lambert’s function, is in the same order of the
equation involving the “s” parameter in [1] and [3]. However,
Lambert’s function is a very well-studied function and is also
available in the GNU scientific library [12]. We can therefore
expect that the computational efficiency of ψgzp would be free
from initial guesses, which is not the case for the “s” parameter.

Fig. 3. Potential profile for (a) IDG-MOSFET and (b) single-gate SOI
MOSFET for different bias conditions. Here, the line represents the proposed
model, and the symbol represents the numerical simulation.

obtained using the COMSOL Multiphysics software [6]. Fig. 2
also shows the variation of the GZP and critical voltages under
different bias conditions. Though different numerical recipes
are available to solve a system of nonlinear equations, in order
to obtain a fair comparison between different models, we have
implemented them in MATLAB [8]. The “trust region technique” [9] is used to find the roots of the implicit equations. For
a particular device, we solve those equations for a wide range
of gate voltages to ensure both trigonometric and hyperbolic
operation. It is found that the time taken to solve coupled
implicit equations [1], [3] are, on the average, five times higher
than that taken for a single implicit equation as shown in
Fig. 4. This is to be expected as a system of multidimensional

IV. C ONCLUSION
The 1-D PE for the long-channel IDG MOSFET has been rigorously solved in order to obtain the potential profile. Unlike the
previous work, where the potential model depends on the selfconsistent solution of multiple implicit equations, the proposed
solution technique involves only a single implicit equation. The
proposed Poisson solution is shown to be continuous over all
bias conditions and therefore appears to be more efficient for
compact modeling purposes.
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