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Abstract—We propose a new set of input voltage equations
(IVEs) for independent double-gate MOSFET by solving the governing bipolar Poisson equation (PE) rigorously. The proposed
IVEs, which involve the Legendre’s incomplete elliptic integral
of the first kind and Jacobian elliptic functions and are valid
from accumulation to inversion regimes, are shown to have good
agreement with the numerical solution of the same PE for all bias
conditions.
Index Terms—Compact modeling, independent double-gate
(IDG) MOSFET, Poisson solution.

I. I NTRODUCTION

E

XISTING surface-potential-based compact models for the
undoped-body independent double-gate (IDG) MOSFET
[1]–[4] are based on the input voltage equations (IVEs) derived
from the unipolar (considering either electron or hole concentration) approximation of the governing 1-D Poisson equation
(PE) [5]. Although it yields sufficiently accurate results for
most practical cases (i.e., inversion mode operation), one needs
IVEs that are valid from accumulation-to-inversion regime for
the completeness of the model, to improve the accuracy near
the flatband condition, and for varactor applications [6]. IVEs
based on the solution of bipolar PE have recently been reported
for symmetric DG MOSFETs in [7] and [8]; however, no such
solution has been reported for the IDG MOSFET.
In this brief, we propose a new set of IVEs by solving the
bipolar PE rigorously, which is valid from accumulation to
inversion regime. In an analogy to the earlier proposed IVEs
based on the unipolar approximation [5], it is shown that the
device behavior is again dictated by different sets of IVEs based
on the bias conditions. The electrostatic potential calculated
from these IVEs is shown to have good agreement with the
numerical solution under all bias conditions.
II. S OLUTION T ECHNIQUE AND R ESULTS
The conventions used in this brief are as follows: Cox1(2) is
the oxide capacitance per unit area of the first (second) gate de-
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fined as ox /tox1(2) ; Csi is the silicon body capacitance per unit
area defined as εsi /tsi ; εsi and εox are the permittivities; tsi and
tox are the thicknesses of silicon and SiO2 films, respectively;
q is the elementary charge; β is the inverse thermal voltage; ni
is the intrinsic carrier density; V is the electron quasi-Fermi
potential (channel potential); ψ1(2) is the Si/SiO2 interface
potential at the first (second) gate; and Vg1(2) is the effective
front (back)-gate voltage, i.e., Vg1(2) = Vg1(2)applied − Δφ1(2) ,
where Δφ1(2) is the work function difference at the respective
gates. In the following discussion, superscripts “BP” and “UP”
refer to “bipolar” and “unipolar” cases, respectively.
Under the gradual channel approximation, the governing
bipolar PE for DG MOSFET could be written as in [7], [8]
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with the boundary conditions BC1 and BC2 as given in [5].
Using the same approach [5], on integrating (1) with BC1 and
BC2 as the lower limit, we obtain
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where A=2qni e−βV /εsi β and GBP
1(2)=[(Cox1(2) /εsi ) (Vg1(2) −
2
β(V /2)
ψ1(2) ) /2Ae
]−cosh(β(ψ1(2) − (V /2))). Here, GBP
1(2) is
UP
analogous to G1(2) defined in [5], and it can be seen
UP
that 2Aeβ(V /2) GBP
1(2) = G1(2) when we make the unipolar approximation and replace cosh(β(ψ1(2) − (V /2))) with
(1/2)e(β(ψ1(2) −(V /2))) . Now, we integrate (2) once again with
BC1 as the lower limit after discarding the positive sign on
the RHS to arrive at three different forms of potential solutions
(4)–(6) based on the values of GBP
1
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u1 = [F (t1 , k1 ) + η1 β(y + (tsi /2)) Aeβ(V /2) ], k1 =
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sn(u, k), cn(u, k), and dn(u, k) are the Jacobian elliptic functions defined
 as sn(u, k) = sin(t), cn(u, k) = cos(t),
and dn(u, k) = 1 − k 2 sn2 (u, k) for t = am(u, k), with
“am(u, k)” denoting the Jacobi amplitude (inverse of the incomplete elliptic integral of the first kind)[9].
Similarly, integrating (3) with BC2 as the lower limit after
discarding the negative sign on RHS, we arrive at another set of
potential solutions (8)–(10) based on the values of GBP
2
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2 > 1 : ψ(y) =
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Here, η2 = sgn(β(ψ2 − (V /2))) and u2 is obtained by replacing (y, k1 , η1 ) with (−y, k2 , η2 ) in the expression of u1 .
Similarly, ψ1 and η1 are replaced by ψ2 and η2 , respectively,
BP
in the expression of t1 . To obtain k2 , GBP
1 is replaced by G2
∗BP
∗BP
in the expression of k1 , and G1 is replaced by G2 in the
expression of θ.
To derive the IVE, we apply the remaining boundary condition, i.e., BC2 to (4)–(6) and BC1 to (8)–(10), respectively. This
results in the set of implicit equations (11)–(13) with u1 and
u2 being evaluated at y = tsi /2 and y = −tsi /2, respectively.
Using the forms cd(u, k) = (cn(u, k)/dn(u, k)) and sd(u, k) =
(sn(u, k)/dn(u, k)), this new set of IVEs could be written as
V
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It must be noted that we solve one of the IVEs (11)–(13) for the
variable ψ1(2) whenever |Vg1(2) | > |Vg2(1) | and Vg1(2) ≥ 0. If
|Vg1 | = |Vg2 | and Vg1 ≥ 0, we may solve for either ψ1 or ψ2 .
For the remaining cases, i.e., |Vg1(2) | > |Vg2(1) | with Vg1(2) <
0, we need to integrate (2) after discarding the negative sign and
(3) after discarding the positive sign, respectively, to obtain the
necessary IVEs.
Now, as in [5], we introduce the concept of GBP -zero-point
(GBP ZP) and critical gate voltage to explain the choice of IVE
to be solved for any given bias condition. The implicit equation
(obtained by substituting GBP
1(2) = 0) to be solved to determine
BP
could be given as
the value of ψgzp1(2)
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It can be shown that the aforementioned equation reduces
UP
in [5] by replacing
to the explicit formulation for ψgzp1(2)
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where u1 = [F (t1 , k1 )+η1 (β/2)(y+(tsi /2)) Aeβ(V /2) /k1 ],
t1 = sin−1 [e((θ/2)−η1 (β/2)(ψ1 −(V /2))) ],
θ=
k1 = e−θ ,
−1
∗BP
= −GBP
cosh (G1 ), and G∗BP
1
1 .
In (5) and (6), η1 = sgn(β(ψ1 − (V /2))) and F (t, k) is the
Legendre’s incomplete elliptic integral of the first kind given by
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and
cosh(β(ψgzp1(2)
BP
UP
ψgzp1(2) with ψgzp1(2) .
BP
can be obtained by substituting
The expression for Vg2(1)crit
BP
BP
in (12) as shown in the
G1(2) as zero and ψ1(2) as ψgzp1(2)
following:
 

2η1(2)
1
V
BP
Vg2(1)crit
sech−1 sn u1(2) , √
=
+
β
2
2
⎤
⎡

V
β
2
εsi ⎢ 2 Ae
⎥
−
⎦ . (15)
⎣
Cox2(1) sd(u1(2) , √1 )
2
BP
, we solve (11) or (12) as GBP
Now, for Vg2(1) < Vg2(1)crit
1(2) >
BP
, (12) or (13) needs to be
0. Similarly, for Vg2(1) ≥ Vg2(1)crit
solved as GBP
1(2) ≤ 0. It is important to note that (12) needs to
be solved only in a few number of cases when it is found that
BP
|GBP
1(2) | ≤ 1 during evaluation. However, as typically |G1(2) | 
1, one among (11) or (13) is required to be solved most often.
In analogy with the hyperbolic (GUP
1(2) > 0) and trigonometric
≤
0)
forms
of
IVEs
given
in
[5], (11) and (13) can be
(GUP
1(2)
seen to belong exclusively to the hyperbolic-BP (GBP
1(2) > 0)
BP
and trigonometric-BP (G1(2) ≤ 0) regions, respectively. The
additional IVE (12) defined for |GBP
1(2) | ≤ 1 is part of both the
hyperbolic-BP and trigonometric-BP regions and analogous to
(17) and (18) in [5].
The bounds of the solution space [10] for the new bipolar
IVEs are formulated here for Vg1 ≥ Vg2 and are extendible for
Vg2 > Vg1 along similar lines. For the hyperbolic-BP region
BP
(GBP
1 > 0), the upper bound is ψgzp1 , while the lower bound is

500

IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 60, NO. 1, JANUARY 2013

Fig. 1. Potential profile inside the silicon film predicted by the (line) analytical
and (symbol) numerical solution for various bias conditions.

max(ψlt−hyp1 , ψsing−hyp1 ). Here, ψlt−hyp1 and ψsing−hyp1 are
the roots of (16) and (17) respectively.
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Fig. 2. Comparison of ψ1 variation predicted by the (line) analytical against
(symbols) numerical solution. Vg1 is varied from −1.5 to 1.5 V with Vg2 and
V as parameters. Symbols used for various bias conditions are as follows: circle
for (Vg2 = −0.5 V; V = 0 V), plus for (Vg2 = −0.5 V; V = 0.5 V), square
for (Vg2 = 0.5 V; V = 0 V), and star for (Vg2 = 0.5 V; V = 0.5 V).

(16)
(17)

Equation (16) results when GBP
becomes very large (k1 ap1
proaches unity) in the hyperbolic-BP IVE form (11), and (17)
determines the location of the singularity point cn(u1 , k1 ) = 0.
BP
For the trigonometric-BP region (GBP
1 ≤ 0), the root ψ1lt−trig
BP
of flt−trig1 in (18) gives the upper limit of the solution space
BP
being the lower limit. Equation (18) corresponds to
with ψgzp1
the location of the singularity point sn(u1 , k1 ) = 0 for (13)

V
π

β
Aeβ 2
BP
flt−trig1
, k1 = 0.
= F (t1 , k1 ) + η1 tsi
− 2F
2
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2
(18)
In Figs. 1 and 2, we have validated our proposed model against
the numerical solution of the PE as obtained from COMSOL
Multiphysics software [11]. In Fig. 3, we show the difference
BP
UP
BP
UP
and ψgzp1
and Vg2crit
and Vg2crit
and the abbetween ψgzp1
BP
UP
solute error between ψ1 and ψ1 . As seen from the figure,
the differences between the corresponding quantities increase
rapidly with decreasing gate voltage, thereby indicating the
inadequacy of the unipolar approximation to the PE for gate
voltages near flatband condition.
III. C ONCLUSION
A set of new IVEs for IDG MOSFET, valid from accumulation to inversion regime, has been proposed and validated
against numerical solution for different bias conditions.

BP − ψ UP |, δ = |V BP
UP
Fig. 3. Variation in δ1 = |ψgzp1
2
gzp1
g2crit − Vg2crit |, and
δ3 = |ψ1BP − ψ1UP | with gate bias. The left y-axis denotes the variation in δ1
and δ2 , while the right y-axis denotes the variation in δ3 . Vg2 = Vg1 is swept
from 0 to 0.2 V with V = 0 V.
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