Quantum Information Theory (E2-270) (Spring 2025) HW3
Instructor: Prof. Shayan Srinivasa Garani

1. PROBLEM 1: Exercise 5.2.9 (Mark Wilde) Show that the matrix representation
of an isometric extension Ua_,gg of the amplitude damping channel is

<0‘B <O’E UA—>BE|0>A <0|B<0‘EUA—>BE|1>A
<0|B <1|E UA—>BE|0>A <0|B <1|EUA—>BE|1>A
(g (O0lpUnspe|0) 4 (g (0lpUaspe(l)
<1‘B <1’E‘ UA—>BE’0>A <1|B<1‘EUA—>BE|1>A

where v (with 0 < v < 1) is the damping parameter of the amplitude damping channel.
Solution: We need to demonstrate that the given matrix represents the isometric
extension Uy, pg of the amplitude damping channel.

The amplitude damping channel models a quantum system losing energy to an envi-
ronment, typically a qubit decaying from the excited state |1) to the ground state |0)
with a probability related to v. The Kraus operators for this channel are:

No = 10) (O] + V1=~ 1) (A, N =/7[0) (1],

The isometric extension of the amplitude damping channel N4_,p is
N .
Udpe = ZNJ ® 7)) g
J
where N;’s are the Kraus operators of the channel. For an amplitude damping channel,

M=y )= moi+vama
and

v=(p Vi) = mavisy

Let’s compute elements of isometric extension of U4, 55

(UI‘/4\[—)BE)OO = <O|B <0|E U1/4\/—>BE |0>A

= (01 (01, (Z N; @ |j>E> 0).4

J

_ Z (05|N;10.4) (0g|jE)

= (05| No|04) (0£|0g) + (05| N1]04) (Or|1E)

= (UQ/%BE%O =0
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Now,
(UA—>BE) <O|B <0|E A—BE |1>A
= 3" (08IN;[14) (01 s)
J

= (08| No[14) (0£|0g) + (0p|N1[14) (O|1E)

(UA%BE) ﬁ
Again,
(UA—>BE) <O|B <1|E A—>BE |O>A

_ Z (0] 5 N; |0, (1]5)

= (05[No|04) (1£|0g) + (0| N1|04) (15[1p) =1
Also,
(UQLBE)H = <O|B <1|E Uﬁx\/—>BE |1>A

= Z (0p|Nj|1a) (1eljE)
= (08| No[1a) (1£|0g) + (0p|N1[14) (1£|1E)
(UAHBE) =0

Consider,
(UA—>BE) <1|B <0|E A—BE |0>A

= (15|N;[04) (0gljr)
i
= (15|No|04) (0£|0g) + (15| N1]04) (Og|1E)
=0-140-0=0
= (U;{&V;BE)QO =0

Consider,
(UA—>BE) <1|B <O|E A—BE |1>A

= (1sIN;[L4) {0xljie)
= (1p|No|1a) (0g|0g) + (15|N1|14) (Og|lg) =0
(UA—>BE) =0

Consider,
(Uﬁf—)BE) <1|B <1|E A—BE |0>A



= 3 (1IN, 104) {Llii)

J
= (15|No[04) (1£|0g) + (15| N1]04) (1£|1E)
—0-04+0-1=0
(UA—>BE) =0

Consider,
(UA%BE)gl <1|B <1|E UA%BE |1>

= Z (1IN;114) (1£|jE)
= (1| No|14) (1£|0g) + (15|N1[14) (1£[1E)
=7 0+/1—7-1=+1—4
(U/HBE) =1-7

Thus, the solution is:

<O‘B <O|E Ua-BE ’0 A <0‘B < 1>
<0‘B<1|E UAHBEIO A <0|B<1‘EUA%BE‘1>A _
<1|B<O|E UA—>BE|0 <1|B< 1>
<1|B <1|E UA—>BE’|O <1|B< 1>

A 0|E Ua-BE ‘
A

~ ~— ~— ~—
bS
O O = O

Exercise 5.2.10 (Mark Wilde) Consider a full unitary Vag_,gg such that

Trp{V(pa ®10) 0|V}

gives the amplitude damping channel. Show that a matrix representation of V' is

Ol 0l V10) 4 Ol V[0) 4 (Olp(0lgV]0) 4Ol VIL) s (OlgOlg VD40V 0, (Ol 0|V I[1)4 {0V 1),
Ol (UgVI0) 4O VI0) s Olg(lgVI]0)40VIHs ©OlgepVIDs0VI04 OplgVI)a0lgVIL)a
AUp VIO EVI0)s (LpOgVI0s0EVIDs (AUpOeVIHs0VI0, g OlpVIL)a0lgVIL)a
ApUgVI0) a0 VI0) s (Ap(lgVI 0V, ApgepVIDs0VI0, ApdlgVIHa0lgVILa
1 0 0 0
o vi=y o0 0
~lo 0 0 T—~|"
0 0 VA 0

Solution:

We need to show that the given matrix represents the isometric extension V' of the
amplitude damping channel. Understanding the Problem Here, V' is a unitary operator
acting on A and E, mapping to B and E, such that tracing out E from V(ps ®
0) (0] ;) VT yields the amplitude damping channel. The matrix is 4 X 4, representing
outer products of the action of V on |0) , |0); and |1) , |0) , projected onto B and E.
The basis for BE is {|00) 35, |10) 35, |01) 55, [11) 5z}, and each element is a product
of inner products.

We know ULy, 5, hence we can calculate the action V' on the basis [00) ,, and |10) ,
as follows:



0 ﬁ 0
1 0 1 1
0 V1—7v 0
Similarly,
0 V7 il
1 0 0 0
4 ‘10>AE - UiLBE ‘1> = 0 0 [1} = 0 = W|OO>AE+ V 1=~ |11>AE
0 V1—7v V1—7

Now to evaluate the action of V' on the remaining two basis states |01) . and [11) , .
Let us assume

Vv |01>Ac = , Vv |11>AC =

QO o
STQ w0

We know that V' is unitary, hence norm will be 1, which means

jaf* + [b]* + [ef* + [df* = 1

and
e + f1* + |g* + |[* =1
Further,
a
(1101) = 0 = (11| VIV |01) =0 = [e* f* g* h7] g =0 = ae*+bf*+cg*+dh* =0
d
Similarly,
a a
(00[01) = 0 = (00| VTV |01) = 0 = (01] i =[0 1 0 0] i =b=0 (1)
d d
Similarly,
(&
(00[11) =0 = (00| VIV |11) =0=[0 1 0 0] g —0=>f=0 (2)
h



Finally

a
(10[01) =0 = (10| VIV [01) =0 = [\/7 0 oxﬁiﬁ]i =0
d
=ay/y+dy/1-7=0=>d=— ﬁ a
-
In a similar way, we can write:
(10]11) =0
= (10| VIV |11) =0
(&
=[v7 00 vT—=17] g =0
h
VAl
=e/Y+hy/1—-v=0=h=— e
val T—>
From Eq. (1) and Eq. (2),
b=0 and f=0
1
jal? + o + [ef? + [d? = 1 = [al® + e + ——a =1 = |e? =1~ jal?
L=~ L=~

In a similar way:

lg]* =1 - le]?

-y
Now
ac* +bf*+cg*+dh* =0

#a&+0+qﬁ+(j%§%0-(j%§%&):0

Let us assume:

a=lale" = d = ——|ale"
vi—vy
1 .
c=4/1— a2 e
L=y

1 .
e=4/1- le]? ™
1 —v
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If we opt e =0, then g = 1 and opting:

a=—/1—-vy=la?=1-1v

Here:
V. |00

)BE
01 pp = V1 =7100) 45 + 7 [10) 45
110) 5z — V7 100) 4o + /1 — 7 |11) 4
)

1) g — 11) 4

— 100) 4 py

Thus, the solution is:

(Ol (05 V10)4 (015 V10) 4 (015 (015 V) (015 V(1) 4 (015 Ol V [1) 4 015 VI0)a (Ol {015V [1) 4 (015 V1) 4]
(Ol {15 V10)’4 015 V10) 4 (Ol (1 V[0)4 0lp V14 (Ol5 {1 V14 0lpVI0)a (O]5 (1 V1)s 05V 1)4
(U (035 V10)'3 015 V10) 4 (L (05 VI0) 4 01p V)4 (Ll (0 VL4 015 VI0) 4 (Ll (05 V1) (0] V1)
(U (1 VI0) s Olp VI0)a (U (1 VI0)a Olp Vs (U {1 VI OlpVI0)s (U {1 VIL)s 0lp V)4
1 0 0 0
o vI=7 0 0
“lo o0 0 Vi—~
o 0 4 0

Exercise 5.2.11 (Mark Wilde) Consider the full unitary operator for the amplitude
damping channel from the previous exercise. Show that the density operator

Tep {V(pa  [0){0]e) V) (5.50)

that Eve receives has the following matrix representation:

[W \/W} if pA:[l_p ”}. (5.51)

Vo 1—np *

Ui p
By comparing with (4.356), observe that the output to Eve is the bit flip of the output
of an amplitude damping channel with damping parameter 1 — ~.
Solution:

To compute Trg {V (pa ® [0)0|,) V'} we have to evaluate the partial trace

Tep {V (pa ® [0X0l5) VI} =D (2l @ eV (pa @ |0)0|p) VI |2)p @ I

From the previous question we know that the matrix representation of V' is

V= Z g 1) 5 13) g (k4 (U

i,5,k,l




then
VT = Z (amnpq |m>B |TL> p|A q| Z amnpq > <m|B <n|E
m,n,p,q m,n,p,q
We already have Computed
V(pa® |0)01) VI = > qinongo [i) 1) (kla pa (D)4 (il (1)
1,7,k m,n,p

Therefore, the partial trace we can evaluate as

Trp {V(pa @ [0)0]z)VT}

= Z (z]p ® Ip {Z Z k0o [1) 5 [7) 5 (K4 pa D) 4 (M| <n’E} ) @ I

1,5,k m,n,p

= Z Z Z O‘ijkoamnpow’j>E <k|A PA |p>A <m> TB <n|E

T 1,5,k m,n,p 6’1‘,1 5x,m
= Z Z k0 Vo 1) g (kLo palp) 4 (nlg (2)
Jik mp

From the previous question Exercise 5.2.10 we have the coefficients

Qo1 = —V 1—7, apoo= ﬁ; apioo = 1, a1 =1,
agior = 0, 1101 =7, 1110 =1 -7

Rest of the elements of V' are zero. Also, since no elements with [ = 1 appear in
Equation (2), we need to consider only

Applying all the coefficents in equation (3) becomes

0010010 |0) g (14 P4 [1) 4 (0] 5 + 2001005100 [0) 5 (1] 4 P4 10) 4 (1]
+ 010009010 1) 5 (0] 4 pa [1) 4 (O] 5 + Q010000100 [1) £ (O] 4 P4 [0) 4 (L] 5
+ 111004110 1) g (14 pa [1) 4 (1
= a310(pa)11 10) 5 (O] + coo1000100(pa)10 |0) 5 (1]
+ ap100co010(pa)or |1) 5 (0] + a%loo(PA)OO 1L)g (1] + O‘%no(ﬂA)ll 1) (1] (3)

Given, py = F?}p Z} Putting p4 in the Equation (3) we get

w110 (01] + 3 [10) 5 (11| + /7 11 (01] + (1= p) 1), (1
= 1910} 01+ v 1005 (11 + 70 1) {01 + (1~ ) 1) {1
swlo o] vy o vl ] eesm o]

- [\}% fzﬁ]



which is the required result.

Exercise 5.4.1 (Mark Wilde) Suppose that there is a set of density operators p%
and a POVM {A%} that identifies these states with high probability, in the sense that

Vk  Tr{A¢pi} >1—¢,

where € € (0,1). Construct a coherent measurement Ug_,ss and show that the coherent
measurement has a high probability of success in the sense that

Dkl s (Kl Usosssr [on) psl® > 1 — ¢,

where each |¢y) pg is a purification of py.

Solution: Given: Vk,
tr (AGps) >1—€ €€ (0,1)

We have to find a coherent measurement Ug_,gg: such that:

{6kl rs (ks Ussss [dn) pe) | =1 —¢

Let 4
Usssr = Z (Ir @ AY) ® |5) g

J

Therefore,
2
|(k| s (kls Us—ss |0k) rs)|

2

(1| ps (Kl (Z (Ir ® AL) @ |5) g (j|5> |Pk) RS

J

Since the quantity above is a scalar, we get:

2

Trrs {(¢k|RS (k' (Z (Ir® qu) ® |7) g <j|5) |¢k>Rs}

J

2

= |Trgrs {Z (k| pg ([R X Aiq) Pk) s <k|3>i§}

J

= |Tras {(@lps (Ir @ AG) [61) ps } |2

By cyclic property of trace, we obtain:

= |TrRS {(IR b2y A’é) |Pk) rs <¢k‘}|2

By using the linearity of trace:

= |Trs {As Trr (|6) s ()}



k (qk 2 kE ok |2
TI'S {AS (Ss>puriﬁed}) - ‘TI'S {ASSS}| >1—e

where (ps)puifiea 18 the purification of pg.

[(Pk] ps (Elg Usssr |on) psl” > 1—¢

Exercise 9.2.7 (Mark Wilde) Let p,o € D(H). Show that the fidelity is invariant
with respect to an isometry U € L(H, Ho), i.e.,

F(p,0) = F(UpU',UcU").

Solution:

To show that fidelity is invariant under an isometry U, we start with the definition
F(p,o) = H\/ﬁ\/gHi If U is an isometry (i.e., U'U = I), then \/UpUt = U,/pU", and

similarly for o. So we compute:
2
FUpU, UoUT) = H\/U,oUT\/UgUTHl NNl

Using the fact that the trace norm is invariant under isometries, we get H Uy/p/oU f || L=
H\/_,()\/EH1 Therefore, F(UpUt, UaUT) = F(p, o), as required.

Exercise 9.2.8 (Mark Wilde) Let p,0 € D(Ha) and let N : L(H4) — L(HE) be a
quantum channel. Show that the fidelity is monotone with respect to the channel N,
ie.,

F(p,0) < F(N(p), N(0)).

Solution: The fidelity between two density matrices p and o is given by:

F(p, o) = (Tr \/my.

Uhlmann’s theorem states that:

F(p,0) = max

2
s [(0 )

where |1,) , |¢,) are purifications of p and o, respectively.

Let [¢,) € Ha®Hpg be a purification of p, and similarly |¢,) € H4 ® Hg a purification
of o. Then, the action of a quantum channel N on subsystem A gives rise to a new
state:

(N @ Lr)([90) (W),
which is a purification of N'(p), and similarly for o.

Since N ® I is a completely positive trace-preserving (CPTP) map, it preserves inner
products in the sense that it cannot increase the fidelity. Hence:

[{Woltoo) [ < (145 %,
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where ¢/ = (N @ I)(y).

From Uhlmann’s theorem and the above observation:

f%wﬂ=£%K%WAFSg%KM%MWMN®D%M“=ﬂN@%N@»

Conclusion:

F(p,0) < F(N(p), N(0)),

so the fidelity is monotonic under the action of a quantum channel N

. PROBLEM 2:
Show that the trace distance between two density operators is equivalent to the Eu-
clidean distance between their respective Bloch vectors. Interpret your results.

Solution:

For two single-qubit density operators p and ¢ with corresponding Bloch vectors 7 and
S, we can show that the trace distance between them equals half the Euclidean distance
between their Bloch vectors.

First, we express the density operators in terms of their Bloch vectors:

where [ is the identity matrix and & = (0,, 0y, 0,) are the Pauli matrices.
The trace distance is defined as:
1

T(.0) = ¢ 1o~ ol

Computing the difference:
L S

p—azE(r—Q‘o.

The eigenvalues of (7" — §) - & are | — §], so the trace norm becomes:
lp—olly =7 —3].

Thus, the trace distance simplifies to:
1 —
I(p,o) = 5l = 3l.

This shows that the trace distance between two single-qubit states is exactly half the
Euclidean distance between their Bloch vectors. This result has a clear geometric in-
terpretation in the Bloch sphere representation: states that are farther apart in the
Bloch sphere (larger Euclidean distance between their vectors) are more distinguish-
able (larger trace distance). When two states are antipodal (like |0) and |1)), their
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Bloch vectors are maximally separated (|7 — §] = 2) and the trace distance reaches its
maximum value of 1.

The key result is:

1

T(p,o) = 5l = 3]

. PROBLEM 3: Exercise 9.13 (Neilson Chuang) Show that the bit flip channel
is contractive but not strictly contractive. Find the set of fixed points.

Solution:

The bit flip channel is defined as:

E(p) = (1 —=p)p +pXpX,

where 0 < p < 1, and X is the Pauli-X operator.

Contractive It is a well-known fact that any completely positive trace-preserving

(CPTP) map is contractive with respect to the trace distance. That is,
D(E(p), E(0)) < D(p,0)

for all density matrices p and o. Since the bit flip channel is a CPTP map, it is
contracting. Let £ be a completely positive trace-preserving (CPTP) map, and let p
and o be two density operators. The trace distance between p and o is defined as:

1

D(p,0) = 5llo ol

where the trace norm is defined by:
1Al = Tr (\/A A> .
We want to prove that:

D(&(p), €(0)) < D(p,0).

This result follows from the monotonicity of the trace norm under CPTP maps. Ac-
cording to the Stinespring dilation theorem, any CPTP map £ can be represented
as:

E(p) = Trp (U(p® |0)(0])UT)

for some unitary U on a larger Hilbert space and partial trace over an environment F.
Since the trace norm is unitarily invariant:

lUAU | = [|A]1,
and non-increasing under partial trace:

[Tre(A)[ < [[Al]1,
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we have:
1E(p) = E(@)lr < lp—olls-

Therefore,

D(&(p).&(0)) < D(p,0),
which proves that CPTP maps are contractive with respect to the trace distance.

Not Strictly Contractive A channel is strictly contractive if:
D(&(p),E(0)) < D(p,o) for all p # 0.
Let p=3(I +aX), 0 = 3(I +bX). Since XpX = p and similarly for o, we find:

Ep)=p, E(0)=o,
D(&(p),E(a)) = D(p, o),

which shows that the channel is not strictly contractive. Fixed Points We look for
density matrices p such that:

E(p) = p-
This implies:
(I=pp+pXpX=p = XpX=p

Thus, p must be invariant under conjugation by X. This happens if and only if p is of
the form:

1
p25(1+aX), with —1<a<1.

Therefore, the set of fixed points is the set of all density matrices lying along the x-axis
of the Bloch sphere.

Exercise 9.9 (Neilson Chuang) Existence of Fixed Points for Quantum Operations
Solution:

We have to prove that any trace-preserving quantum operation £ has a fixed point,
i.e., there exists a density operator p such that

E(p) = p.
Approach: Use Schauder’s fixed point theorem.

Schauder’s fixed point theorem: Let K be a convex, compact subset of a Hilbert
space, and let f: K — K be a continuous map. Then f has at least one fized point.

Application to Quantum Channels:

Let D(#H) denote the set of all density operators on a finite-dimensional Hilbert space
‘H. This set has the following properties:
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e Convex: If py, py € D(H), then for any A € [0,1], the operator Ap; + (1 — X)po
is also a density operator.

e Compact: In finite-dimensional spaces, the set of density matrices is closed and
bounded in the space of trace-class operators.

e Subset of a Hilbert space: Density matrices are elements of the space of
Hermitian operators, which forms a finite-dimensional Hilbert space.

e Continuity: Any trace-preserving quantum operation &£ is a completely positive
trace-preserving (CPTP) linear map and thus continuous.

Therefore, all conditions of Schauder’s fixed point theorem are satisfied.

Conclusion: There exists at least one density operator p such that
E(p) = p-

Exercise 9.11 (Nielsen and Chuang) Suppose £ is a trace-preserving quantum
operation for which there exists a density operator py and a trace-preserving quantum
operation £’ such that

E(p) =ppo + (1 = p)&'(p), (9-52)

for some p, 0 < p < 1. Physically, this means that with probability p the input state
is thrown out and replaced with the fixed state pg, while with probability 1 — p the
operation £ occurs. Use joint convexity to show that £

Solution:

Given the trace-preserving quantum operation £ with the decomposition:

E(p) = ppo+ (1 —p)E'(p),

where 0 < p < 1, pg is a fixed density operator, and £ is another trace-preserving
quantum operation, we will prove that £ is strictly contractive and consequently has
a unique fixed point.

For any two density operators p and o, we analyze the trace distance after applying &:
T(&(p).E(0)) =T (ppo + (1 = p)E'(p), ppo + (1 — p)€'(0)).
By the joint convexity of the trace distance, this satisfies:
T(E(p),€(0)) <pT(po,po) + (1 —=p) T(E'(p),E'(0)) = (1 —p) T(E'(p), E'(0)),

since T'(po, po) = 0. Furthermore, because any quantum operation is contractive under
the trace distance, we have:

T(E'(p),&'(0)) < T(p, o).
Combining these inequalities yields the strict contractivity:
T(E(p),E(0)) < (L =p)T(p,0) <T(p,0),
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where the strict inequality holds because 0 < p < 1 ensures 0 <1 —p < 1.

To establish the existence and uniqueness of the fixed point, consider the sequence
Pni1 = E(pp) starting from any initial state p;. The contractivity implies:

T(pn+1,pn) < (1 =p) T(pn, pu-1) < (1 = p)"T(p1, po).

Since (1 — p)™ — 0 as n — oo, the sequence is Cauchy. The space of density operators
being complete under the trace distance guarantees convergence to a unique fixed point
ps satisfying £(pi) = pa.

Acknowledgement: The solutions are prepared by Sudhir Kumar Sahoo and Abhi Kumar
Sharma.
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