Quantum Information Theory (E2-270) (Spring 2025) HW2
Instructor: Prof. Shayan Srinivasa Garani

1. PROBLEM 1: Exercise 4.6.3 (Mark Wilde) Show that both a classical-quantum
channel and a quantum-—classical channel are entanglement-breaking—i.e., if we input
the A system of a bipartite state pgr4 to either of these channels, then the resulting
state on systems RDB is separable.

Solution:

A quantum channel NV,_,p is entanglement-breaking if for every bipartite input state
PRraA, the resulting state

(Zr @ Na—B)(pra)

is separable across the R : B partition. This means it can be written as:
prRE =D _Pipy ® p

for some probability distribution {p;} and states ,0%), pg). A sufficient condition for

N4_p to be entanglement-breaking if it can be expressed as:
Nasp(p) =) BipBl,

where the Kraus operators B; are rank-1, meaning they map any input state to a pure
or classical state.

A classical-quantum channel (CQ) is a quantum channel that first measures a quantum
state and then encodes the classical outcome into a fixed set of quantum states. It can

be written as:
NCQ(P) = ZTY(MiP) i) (il

where {M;} is a positive operator-valued measure (POVM) representing a measure-
ment, and [¢;) are fixed quantum states assigned to each outcome. When applied to
one half of an entangled state pra, the resulting bipartite state is:

PRB = Z Tra(Mipra) ® [ti) (i -

Since this is an explicit convex sum of product states, it is separable, proving that a
CQ channel is entanglement-breaking.

A quantum-—classical (QC) channel measures a quantum system and outputs classical
information. It is described by:

Noc(p) = ZTr(Mm) /i) (i,



where i) are orthonormal classical basis states. For a bipartite input pra, the output
state is:

pre =) Tea(Mipra) ® |i) (il

This is again a classical mixture of separable states, proving that a QC channel is also
entanglement-breaking.

Since both CQ and QC channels produce output states that are convex combinations of
separable states, they always destroy entanglement when acting on part of an entangled
state. Therefore, both CQ and QC channels are entanglement-breaking.

Exercise 4.7.5 (Mark Wilde) Show that the action of a depolarizing channel on the
Bloch vector is

(7, 7y, 72) = (1= p)ra, (1 = p)ry, (1 = p)r2).

Thus, it uniformly shrinks the Bloch vector to become closer to the maximally mixed
state.

Solution:

The depolarizing channel Nye, is @ quantum noise channel that replaces the input
quantum state p with the maximally mixed state I/2 with probability p, while leaving
it unchanged with probability 1 — p. Mathematically, this channel acts on a quantum
state p as:

Naep(p) = (1 =p)p+ gf-

Any single-qubit density matrix p can be expressed in terms of its Bloch vector com-
ponents ry, 1y, 7, as:
1
=5 (I +ryop + 140y +1,0,),
where 0, 0,, 0, are the Pauli matrices. The depolarizing channel acts linearly on p, so
applying it to the above representation gives:

Naep(p) = (1 = p)p+ gf-

Substituting the expression for p:

1
Ndep(p) = (1 _p) ’ 5 ([ + T:co-x _I_ TyUy + Tzaz) + 1_231

Expanding and simplifying,

Naep(p) = % (I + (1 =p)ryor+ (1 —p)ryoy, + (1 —p)r.o.).

From this, we see that the Bloch vector transforms as:

(TJTJTWTZ) — ((1 —p)?“z, (1 —p)?”y, (1 —p)?“z).



This shows that the depolarizing channel **uniformly shrinks the Bloch vector®* by a
factor of (1 — p), effectively bringing the quantum state closer to the maximally mixed
state I/2. When p = 1, all the Bloch vector components vanish, leaving the completely
mixed state I /2, which has no coherence or purity. The depolarizing channel thus serves
as a model of isotropic noise affecting a quantum system, gradually erasing information
about the original state.

Exercise: 4.7.6 (Mark Wilde) Show that randomly applying the Heisenberg—Weyl
operators

{X(@)Z(5)}ijefo,...d-1}

with uniform probability to any qudit density operator gives the maximally mixed
state :

d—1
1 . . . .
= 2 X212 ()XT(i) =
i,j=0
(Hint: You can do the full calculation, or you can decompose this channel into the

composition of two completely dephasing channels where the first is a dephasing in the
computational basis and the next is a dephasing in the conjugate basis.)

Solution:

The Heisenberg—Weyl operators X (i) and Z(j) are the generalized Pauli operators for
a d-dimensional qudit system, defined as:

X()|ky=|k+j modd), Z(j)[k)=e"" k).
These operators satisfy the commutation relation:

Z(j)X (i) = X (1) Z(5)-

The given quantum channel applies these operators uniformly over all 4, j, meaning it
performs an average over all possible displacements in the qudit Hilbert space. Math-
ematically, this channel is represented as:

1 d—1

Effect of Averaging over Heisenberg—Weyl Operators To understand the effect of N on
a general density matrix p, we expand p in terms of the Heisenberg—Weyl basis:

p= Z CmnX(m)Z(n).

Since the channel sums over all X (i)Z(7), let’s analyze how these terms transform:

X(0)Z(j)X (m)Z(n) Z%(7)X (i) = w77 Z(n) X (m).



Using the commutation relation, this results in a phase factor depending on i, j, m, n,
which averages to zero unless m = n = 0. The only surviving term is the identity
matrix contribution:

= S X W22 ()X = 5

Alice then transmits two classical bits encoding the measurement result to Bob. Upon
receiving this information, Bob applies the appropriate Pauli correction I, X, Z, X Z to
recover [1)) perfectly.

Exercise 4.7.8 (Mark Wilde): Show that the amplitude damping channel obeys
a composition rule. Consider an amplitude damping channel N; with transmission
parameter (1 — 1) and another amplitude damping channel N5 with transmission
parameter (1—-,). Show that the composition channel N30 is an amplitude damping
channel with transmission parameter (1 — v2)(1 — ;). (Note that the transmission
parameter is equal to one minus the damping parameter.)

Solution: The amplitude damping channel models energy dissipation in a quantum
system, such as spontaneous emission. The channel is described by the Kraus operators:

]

where 7y represents the damping probability.
For the first amplitude damping channel A; with damping parameter 7, the Kraus

operators are:
m _ (1 0 m_ [0 vm
Eo—lo m] El—[o 0 2)

Applying another amplitude damping channel Ny with damping parameter 7, leads to
new Kraus operators E(()2) and E§2):

R

The composition of the two channels is given by applying the Kraus operators of N5
after those of N;. The effective Kraus operators are:

2) (1 1 0
S N =} .

E@ W _ |0 Nl =) (5)
0 0 |

E@ED = [0 VRI-m)| (6)
0 0 |

e )

W



The new Kraus operators describe an amplitude damping channel with an effective
damping parameter 7/, given by the total probability of an excitation being lost:

Y =1=(1=7)(1—7) (8)
Thus, the transmission parameter of the composed channel is:
(1=9) =00 =7n)1 =) (9)

This confirms that the composition of two amplitude damping channels is itself an
amplitude damping channel with the expected transmission parameter, completing
the proof.

. PROBLEM 2: Work out the following problems:

(1) Establish the Schmidt decomposition result when the dimension of the quantum
systems A and B are not the same, i.e., in the most general form.

Solution: The Schmidt decomposition theorem states that any pure state in a bi-
partite Hilbert space can be expressed as a sum of product states with nonnegative
singular values. We establish this result in the general case where the subsystems A
and B have different dimensions.

Let H 4 and Hp be finite-dimensional Hilbert spaces of dimensions d4 and dpg, respec-
tively. Consider a pure state [¢)) in the composite Hilbert space:

H=His®Hp,

where dim(H 4) = d4 and dim(Hpg) = dp, with possibly d4 # dp.
Let {|e;)} and {|f;)} be orthonormal bases for H, and Hp, respectively. We can
expand [¢) as

da dp

) = Zzoz‘j &) ® [ ;)

i=1 j=1
where C'is a dy X dg complex coefficient matrix.

The Schmidt decomposition follows from the singular value decomposition (SVD) of
the coefficient matrix C'. Using SVD, we can write C' as

C =UAVT

where U is a d4 X d4 unitary matrix, V' is a dg X dg unitary matrix, A is a d4 X dp
diagonal matrix with nonnegative singular values A on the diagonal (arranged in non-
increasing order). The number of nonzero singular values is at most 7 = min(da, dp),
which is the rank of C. Defining new orthonormal bases:

da dp
e) =D Usler), 1fe) =D Vielfy)
=1 =1
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we rewrite |¢) as:

) = Aeléw) @ | fi)

where )\j, are the nonzero singular values of C, and |&;), |f) form new orthonormal
bases for subspaces of H, and Hp, respectively. This is the general form of the
Schmidt decomposition for a bipartite quantum state when the dimensions of the two
subsystems are different. The number of nonzero terms in the sum is given by the
Schmidt rank » = min(da, dg), and the coefficients A, (Schmidt coeflicients) determine
the degree of entanglement of the state.

(2) Establish mathematically how Schmidt decomposition can help examine if a pure
bipartite state ]gb)AB is an entangled state or a product state.

Solution: Given a pure bipartite state |¢>AB in the Hilbert space Hy ® Hp, the
Schmidt decomposition theorem states that it can be written as

)P = ZM k) @ | fi)
k=1

where ), are the Schmidt coefficients, |é,) and | f,) are orthonormal bases for subspaces
of H 4 and Hp, respectively, and r = min(da, dg) is the Schmidt rank of the state. To
determine whether |¢)AB is an entangled state or a product state, we examine the
Schmidt rank r: - If 7 = 1, then the state can be written as |¢)*? = A\ |é)) ® |f1),
which is a product state, meaning there is no entanglement.

- If r > 1, then the state is entangled since it cannot be factorized into a tensor product
of states from H 4 and Hp.

Comment: If the composite state p? = |[¢) (1| is pure, it is a product state if
and only if the reduced density matrices p* and p? are pure states. For example, if
Alice’s spin is definitely up and Bob’s spin is definitely down, then the composite state
represents a pure state:

pri =M a M@ ) g
where |1) =10) and |[{) = |1).

(Y-

Conversely, this means that every pure state whose subsystems are in mixed
states must be entangled! [I]

o O OO
o O = O
o O OO
o O OO

. PROBLEM 3 : Exercise 8.3 (Nielsen and Chuang): Our derivation of the
operator-sum representation implicitly assumed that the input and output spaces for
the operation were the same. Suppose a composite system AB initially in an unknown
quantum state p is brought into contact with a composite system C'D initially in some



standard state |0), and the two systems interact according to a unitary interaction U.
After the interaction, we discard systems A and D, leaving a state E(p) of system BC'.
Show that the map

E(p) =) EwE} (10)

for some set of linear operators Ej from the state space of system AB to the state
space of system BC', and such that

Y ElE. =1 (11)

k

Solution:

We begin with a composite system AB in an unknown quantum state p and another
system C'D initialized in a standard state |0). The total initial state of the four systems
is given by:

pas ®[0)cp (0] (12)

The systems then evolve under a unitary interaction U, which acts on the entire com-
posite system:

p'=Ulpap ©10)cp (OHUT. (13)

After the interaction, we discard systems A and D, which corresponds to taking the
partial trace over those subsystems:

E(p) = TI“AD(P/)- (14)

Using a basis {|a)} for system A and a basis {|d)} for system D, we can express the
partial trace as:

E(p) =) (a.d|U(p©|0)(O)U" |a,d). (15)

a,d

Defining the operators:
Ey, = (k[ U]0), (16)

where |k) labels the basis vectors of systems A and D, we can rewrite the expression
as:

E(p) =Y FupE]. (17)
k
Finally, since U is unitary, it preserves inner products, which implies:

Y ElE. =1 (18)
k

Thus, we have shown that the map E(p) satisfies the operator-sum representation with
Kraus operators Ej, completing the proof.



Exercise 8.10 (Nielsen and Chuang): Using the Freedom in Operator-Sum Rep-
resentation, all quantum operations E on a system of Hilbert space dimension d can
be generated by an operator-sum representation containing at most d? elements:

Blp) =3 _ EspE;, (19)

where 1 < M < d?. Let {E;} be a set of operation elements for F. Define a matrix:
Wir = Tr(ElEy). (20)

Show that the matrix W is Hermitian and of rank at most d?, and thus there exists a
unitary matrix u such that uWu' is diagonal with at most d?> nonzero entries. Use u
to define a new set of at most d* nonzero operation elements {F;} for F.

Solution: We begin by defining the matrix W whose elements are given by:
Wi = Tr(E!Ey). (21)
Since the trace inner product satisfies Tr(AB) = Tr(BTA), it follows that:
Wix = Tr(ElEy) = Wy, (22)

which implies that W is a Hermitian matrix.

The rank of W is determined by the number of linearly independent operators in the
set {E;}. Since the operators act on a Hilbert space of dimension d, they can be
represented as d X d matrices. Consequently, the space of all possible operators has
dimension at most d?. Therefore, the rank of W is at most d?.

By the spectral theorem for Hermitian matrices, there exists a unitary matrix u such
that uWu' is diagonal. Explicitly, we can write:

uWul = A, (23)

where A is a diagonal matrix with at most d* nonzero entries, given that rank(W) < d.

We now define a new set of operation elements {F;} by:
k
Substituting this into the operator-sum representation:
E(p) = Z EwpE!l = Z wjpEyp Z u;‘mE:rn (25)
k 7.k m
Rearranging sums, we obtain:

B(p) = > FipF}. (26)
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Since w is unitary, the new set {F};} also satisfies the completeness relation:

> FIF =Y wyElujmEn =Y 6mElE, =) ElE =1 (27)
J k,m k

Jik,m
Thus, we have constructed a new operator-sum representation for £ with at most d?
nonzero terms, completing the proof.

Exercise 8.11 (Nielsen and Chuang): Suppose E is a quantum operation mapping
a d-dimensional input space to a d’-dimensional output space. Show that E can be
described using a set of at most dd’ operation elements { E}}.

Solution: A quantum operation E can be described by an operator-sum representa-
tion:

Blp) = 3" EipF}, (28)

where {E} are the operation elements. The goal is to show that we can always find a
set with at most dd’ elements.

The operators E;, map a d-dimensional Hilbert space to a d’-dimensional Hilbert space,
meaning that each Fj is a d’ x d matrix. The space of all possible linear operators
acting between these two Hilbert spaces has dimension dd’, since an arbitrary matrix
of size d’ x d has dd’ independent components.

Consider an arbitrary set of operation elements {£;}. Let us define the matrix:
Wjx = Tr(E! Ey). (29)

This matrix W is Hermitian, and its rank is at most dd’, as it is defined by at most
dd' linearly independent operators in the space of d’ x d matrices.

By the spectral theorem, there exists a unitary matrix « such that:
uWul = A, (30)

where A is diagonal with at most dd’ nonzero entries. Defining a new set of operation
elements:

Fy =Y uk, (31)
k
we obtain an equivalent operator-sum representation:

Blp) = 3_ FipF}. (32)

Since W has rank at most dd’, there are at most dd’ nonzero elements in the new set
{F;}. Thus, we conclude that any quantum operation F mapping a d-dimensional
input space to a d’-dimensional output space can always be represented using at most
dd’ operation elements, completing the proof.



4. PROBLEM 4:

Consider a qubit state |¢)) = a|0) + §|1) Suppose phase noise acts on this state,
dephasizing the qubit. This action can be described as a unitary action on the qubit
such that the rotations Rz() act on the qubit according to uniform distribution over
6. Obtain the resulting density matrix. Further, suppose that the longitudinal and
tranverse relaxation times of the qubit are T} and T; , respectively. Obtain the final
density matrix as a function of all the given parameters, and physically interpret your
results geometrically over the Bloch sphere. How do you generalize this setup for a
composite system when the qubits are in (a) product state and (b) entangled state?
You need to bring in the relaxation time parameters to the composite system carefully
within the density matrix formulation. This gives you an idea what happens when the
qubits are not identical and what it takes to control relaxation times.

Solution:
Consider a qubit in the state:

[¥) = a0) + 1) (33)

When phase noise acts on the qubit, the unitary operation is given by a random rotation

about the z-axis: '
Rz(0) = 6719Z/2, (34)

where 6 is uniformly distributed over [0, 27r]. The initial density matrix of the qubit is:

jo? aﬁ*}
= = ) 35
p=to)twl= | o 3
Applying phase noise, we compute:
) 2 do
o= [ R0 (36)
0 m

Since Rz(0) applies a phase shift, the off-diagonal elements accumulate a phase factor:

2m —q
. ‘a|2 ozﬁ*e 0 d_@
P —/0 {a*ﬂew ’6|2 o (37)

The integral eliminates off-diagonal terms, yielding:

y_ [lal* 0 ]
= ) 38
Y [ 0 | 5’2 ( )
Thus, phase noise leads to dephasing, removing quantum coherence.

Effect of longitudinal (77) and transverse (73) relaxation times. The initial density

matrix is ‘ ’2
al® ab*
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i) Longitudinal relaxation (77) - energy decay

- This accounts for the relaxation of the excited state |1) to the ground state |0) - The
probability of |1) decays exponentially with ‘t:

pi() = [pfe /T
Total probability is equal to 1, we have
po(t) = lal* + [p*(1 — e="/™)

ii) Transverse relaxation (73) - Decoherence - This accounts for the decay of the off-
diagonal terms in S(0), which represent quantum coherence - The coherence terms
decay as

por(t) = ab*e /T2

pro(t) = a*be /™
the density matrix at time ‘t’ is
la? + [b]?(1 — e ¥Tr)  ab*e /T2
(t) = a*be—t/T2 |b|2€—t/T1

1 _ ‘b|26—t/T1 a,b*e_t/T2
= p(t) = a*he—t/T2 |b[2e=t/T1

The term pgo(t) can be rewritten as

L+ (Jaf? = p)e /M + (1 = e-t/M)
2

and p11(t) can be rewritten as

1— (laf” — [p[*)e ™ — (1 —e”*/™)
2

Geometric interpretation on the Bloch sphere:
Comparing p(t) with

1
5 (L +r, X +r)Y +r,7)

we obtain
s = Re (a*b) e”/T2

ry = Im (a*b) e~/

r. = (Ja]* = |b?) et 4 (1- e’t/Tl)
We can draw the following conclusions
(a) The off-diagonal terms po; (¢) and pyo(t) shrink as e=*/72
components 1, and r, decay towards zero.

, meaning the Bloch vector
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(b) This corresponds to a shrinking of the Bloch vector in the zy-plane, reducing the
phase coherence of the qubit.

(¢) The diagonal terms shift towards 1, resulting in r, — 1.

(d) This corresponds to the Bloch vector moving vertically towards the north pole
(ground state |0}).

In conclusion,

(i) T governs the relaxation towards the ground state, reducing the probability am-
plitude of |1).

(ii) Ty governs the loss of coherence, causing the qubit to become classically mixed
rather than maintaining superposition.

(iii) This captures the irreversible loss of quantum information due to decoherence and
energy dissipation.

Generalisation to composite systems

For Product state Consider the initial state of a product state

p(0) = pa(0) ® pp(0)

where,

laal? aqb? lag|> agby
0) = 0) =
p4(0) LL*AbA |bal® p5(0) apbp  |bpl?

laal?lapl® |aalPapby aablilapl® aablapbly
p(0) = laalPakbp  |aal?lbp|* aablalbs  aabl|bs|?

ajbalap|® aibaapbly |ballap’  [bal’apby
aibaaipbp  aibalbpl®  [bal*aibp  [bal*(b5

Similar to the previous case, we obtain

_ la;|? + b:[*(1 — e—t/Tu) aibﬁe—t/Tgi

p(t) = pa(t) @ pp(t)

We have the following diagonal terms of p(t):

poo(t) = [laal® + [bal*(1 — e7/T)] [|lap]* + |bp[*(1 — e7/T15)]
p1(t) = [|GA|2 +|balP(1 - e—t/TlA)] [|bB|2€—t/TlB]

p2a(t) = [|ba|?e T4 [|aa|? + [ba]?(1 — e7¥/T14)]
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,033(t) = |:|bA|26*t/T1A:| [|bB|267t/TlB]

And the off-diagonal terms are of the form:
ng (t) = (Kle_t/Tml,nl ) (ng_t/TmQ‘nQ)

for i #j , my,me € {1,2} , ny,ne € {A, B}.
Interpretation of the density matrix evolution
e The diagonal elements represent probabilities of measuring each computational
basis state |00) ,|01),[10),|11)

— They increase towards |00) over time as relaxation drives each qubit to the
ground state.

— The rate depends on T14 and Tp, i.e., if the qubits are not identical, they
relax at different speeds.

e The off-diagonal elements represent coherence.

— These decay exponentially at rates To4 and Tsp, i.e., the degree of quantum
interference decreases over time.

e If both T14,Tig — o0, the qubits stay in their initial state.
Bloch vector interpretation

e Each qubit independently shrinks towards the north pole |0) at rates T4, T1p.
e The Bloch vector lengths decrease, reflecting the loss of coherence at rates Toa, Top.

e Unequal relaxation times distort the Bloch sphere asymmetrically.

Entangled state
Consider the initial state |¥(0)) defined by

1

V2

The corresponding density matrix is

W (0)) (|00) 4 [11)) (Bell state)

= O ONIE
o O OO
o O OO
= O O

This state exhibits maximal quantum coherence due to the off-diagonal terms. Assume
the evolution of the following form:

p(t) = €4 @ Ep(p(0))

13



where 2 2 ¢)T t/T.
a;| + |bi|*(1 —e="/"1)  abie " % .
ety = | ) | e (4B

as derived in the previous case.

1+e—t/T1Ae—t/TlB

1—e—t/T1ae—t/T1B
2

5 0 0 eft/TQAeft/TgB
0 0 0 0
plt) = 0 0 0 0
0 0

e_t/T2A€_t/TQB

Interpretation

e The probability amplitude of |00) increases over time, i.e., the system relaxes to

100).
e The probability amplitude of |11) decays at a rate of e~#/71ae=t/Ti5,

o If T4 # Tip, the relaxation is asymmetric, meaning one qubit may relax faster
than the other.

Coherence

e The coherence term e /"24¢7t/T28 decays exponentially.
e Faster dephasing (small T5) destroys entanglement quickly.

o If Ty, # Ty, one qubit loses coherence faster, destroying the entanglement earlier.
Interpretation on Bloch Sphere

e The system shrinks towards the north pole (|00)).
e The Bloch vector length decreases, representing loss of quantum coherence.

e The degree of entanglement decreases over time, transitioning into a mixed state.

Acknowledgement: The solutions are prepared by Sudhir Kumar Sahoo and Abhi Kumar
Sharma.
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